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ON A CONSEQUENCE OF THE ORDER IDEAL CONJECTURE
S. P. Dutta
Dedicated to H.-B. Foxby on his 65th birthday.
Abstract. Given a minimal set of generators x of an ideal I of height d in a regular local
ring (R,m, k) we prove several cases for which the map Kd(x;R) ⊗ k → Tor
R
d
(R/I, k) is
the 0-map. As a consequence of the order ideal conjecture we derive several cases for which
Kd+i(x;R)⊗ k → Tor
R
d+i
(R/I, k) are 0-maps for i ≥ 0.
In order to solve the syzygy problem in the equicharacteristic case Evans and Griffith
proved the following:
Theorem A ([E-G1]; Th. 2.4, [E-G2]). Let R be a local ring containing a field. Let M
be a finitely generated k-th syzygy of finite projective dimension and let x be a minimal
generator of M . Then the order ideal OM (x) = {f(x) | f ∈ HomR(M,R)} has grade at
least k.
We drop M from the notation for order ideals when there is no scope for confusion.
Afterwards Bruns and Herzog extended the above theorem for finite complexes of finitely
generated free modules in the following way.
Theorem B (Th. 9.5.2, [B-H]). Let (R,m) be a local ring containing a field and let
F• : 0→ Fs
φs
−→ Fs−1 → · · · → F1
φ1
−→ F0 → 0
be a complex of finitely generated free R-modules. Then for every j, 1 ≤ j ≤ s and for
every e ∈ Fj with e 6∈ mFj + Imφj+1, codimension O (φj(e)) ≥ codimF• + j, where
codimF• = inf {codimension Iri(φi)− i | ri =
s∑
j=i
(−i)j−i rankFj}.
The existence of big Cohen-Macaulay modules, due to Hochster ([H2]), played an im-
portant role in the proofs of these two theorems.
Bruns and Herzog observed the following as a consequence of the above Theorems.
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Result (Corollary 9.5.3, [B-H]). Let (R,m, k) be a regular local ring containing a field
and I ⊂ m be an ideal generated by x1, . . . , xs. Let K•(x; R) be the corresponding Koszul
complex. Then the natural map Ki(x; R)⊗ k → Tor
R
i (R/I, k) is 0 for i > grade I.
The question whether the statements of the Theorems and the Result mentioned above
are valid in mixed characteristic is very much open. A graded version of Theorem A
for mixed characteristic was proved later by Evans and Griffith ([E-G3]). These results
induced us to propose the following conjecture ([D1], [D2]).
Order ideal conjecture. Let (R,m) be a local ring and let M be a finitely generated
k-th syzygy of finite projective dimension and let x be a minimal generator of M . Then
the order ideal OM (x) has grade at least k.
We say that a finitely generated R-module N of finite projective dimension over R
satisfies the order ideal conjecture if minimal generators of all its syzygies do so.
In this note we would like to focus our attention to the observation made by Bruns in
the above Result. The important question that arises from our study of the Monomial
Conjecture, due to Hochster ([H1]), for ideals I of height d in a regular local ring R is the
following: given x = {x1, . . . xs}, a minimal set of generators of I, when is Kd(x; R)⊗k →
TorRd (R/I, k) the 0-map? In general the answer to the above question is yet to be resolved
for any characteristic. We have proved in [D1] that an affirmative answer to the above
question for a certain class of ideals implies the Monomial Conjecture. Thus, whether R
is equicharacteristic or not, the vanishing of the above map is very significant. We would
mainly investigate this question in this note. Our main Result states the following:
Theorem 1.2. Let (R,m, k) be a regular local ring of dimension n and let I be an ideal
of height d. We have the following:
a) Let x = {x1, . . . , xs} denote a minimal set of generators of I. If R/I is S2, then
the natural map Kd(x; R)⊗ k → Tor
R
d (R/I, k) is the 0-map.
b) Suppose that R contains a field. Let x (resp. x) denote the ideal (resp. R-regular
sequence ) generated by x1, . . . , xd in I. Let S = R/x and let Ω denote the canonical
module of R/I i.e. Ω = HomS (R/I, S) = Ext
d
R(R/I, R). If Ω˜ denotes the lift of
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Ω in R via the natural surjection R→ S, then Kd(x; R)⊗k → Tord(R/Ω˜, k) is the
0-map. Moreover, if R/I is S2, then for any set of minimal generators y1, . . . , ys
of Ω˜, Kd(y1, . . . , ys; R)⊗ k → Tord(R/Ω˜, k) is the 0-map.
c) Let x denote a minimal set of generators of I. Then the natural maps Kd+i(x; R)⊗
k → Tord+i(R/I, k) are 0-maps for i > 1.
d) Assume that the order ideal conjecture is valid for regular local rings of dimension
(n-1). Let x denote a minimal set of generators of I. If I ∩ (m−m2) 6= φ or depth
R/I > 0 then the natural maps Kd+i(x; R) ⊗ k → Tor
R
d+i(R/I, k) are 0-maps for
i ≥ 1. Moreover if R/I is S2, then Kd+i(x; R)⊗ k → Tor
R
d+i(R/I, k) are 0-maps
for i ≥ 0
In particular, under the same hypothesis, for any prime ideal P such that R/P is
normal, Kd+i(x; R)⊗ k → Tor
R
d+i(R/P, k) are 0-maps for i ≥ 0.
We would like to mention that in [D1] it was pointed out that the validity of first half of
part b) of the above theorem implies the Monomial Conjecture in mixed characteristic.
In the final observation (Prop. 1.3) of this note we prove the existence of ideals I of
height d in a regular local ring (R,m, k) for which Ki(x;R)⊗k → Tor
R
i (R/I, k) is non-zero
for i ≤ d; here x denotes an R-sequence contained in I.
Section 1
We intend to prove our theorem in this section.
1.1 Lemma. Let (R,m) be a local ring such that the order ideal conjecture is valid on
R. Let I be an ideal of R of finite projective dimension over R and let grade I = d. Let
x1, . . . , xs be a set of generators of I and let K•(x; R) denote the corresponding Koszul
complex. Then the natural Ki(x, R)⊗ k → Tor
R
i (R/I, k) is 0 for i ≥ d+ 1.
Proof. The proof is a straightforward application of the validity of the order ideal con-
jecture as in (9.5.3) [B-H]. Let (F•, φ•) be a minimal resolution of R/I and let ψ• :
K•(x; R)→ F• lift the identity map in R/I. If for any minimal generator ej1∧ej2∧· · ·∧ eji
of Ki, ψi(ej1 ∧ · · · ∧ eji) = e is a minimal generator of Fi, then by commutativity of the
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diagram constructed via ψ•, O(φi(e)) has grade ≤ d. Due to our assumption on order
ideals, this can only happen if i ≤ d.
1.2 Proof of Theorem 1.2.
a) Let z1, . . . , zd ∈ I be a regular sequence on R and let S = R/(z1, . . . , zd). We
will write z(resp. z) to denote the ideal (resp. sequence) generated by z1, . . . , zd. Let
Ω = HomS(R/I, S)(≃ Ext
d
R(R/I, R)) denote the canonical module of R/I. Let Ω˜ denote
the lift of Ω in R via the natural surjection R→ S. Since R/I is S2, HomS(Ω, Ω) ≃ R/I.
Hence, by applying HomS(−, S) to the short exact sequence
0→ Ω→ S → S/Ω→ 0
we obtain HomS(S/Ω, S) = I/z and Ext
1
S(S/Ω, S) = 0. Since S/Ω ≃ R/Ω˜ and height of
I is d, we have
ExtdR(R/Ω˜, R) ≃ HomS(R/Ω˜, S) = HomS(S/Ω, S) = I/z
and
Extd+1R (R/Ω˜, R) = Ext
1
S(R/Ω˜, S) = Ext
1
S(S/Ω, S) = 0. (1)
Let F•, P• denote the minimal free resolutions of R/I and I/(z) respectively and let
K ′
•
= K•(z1, . . . , zd; R) be the Koszul complex corresponding to the sequence z1, . . . , zd.
Let ψ• : P• → K
′
•
denote a lift of the natural injection I/z→ S = R/z and let φ• : K
′
•
→
F• denote a lift of the natural surjection S = R/z→ R/I.
Claim. i) ψd(Pd) = K
′
d = R and ii) φd(K
′
d) ⊂ mFd.
Proof of Claim i). Let (L•, α•) be a minimal free resolution of R/Ω˜ over R and θ• : K
′
•
→
L• be a lift of the natural surjection R/z → R/Ω˜. Let L
∗
•
= HomR(L•, R). We consider
the following commutative diagram
0 → R → L∗1 → L
∗
2 → · · · → L
∗
d
→ L∗
d+1
→ L∗
d+2
→ Gd+2 → 0
‖ θ∗
1


y θ∗2


y θ∗
d


y
0 → R → Rd → Rd2 → · · · → R→ R/z→ 0
(2)
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Here Gd+i = cokerα
∗
d+i, for 0 ≤ i ≤ 2. Since height Ω˜ is d, we have H
i(L∗
•
) = 0
for i < d and Hd(L∗
•
) = Extd(R/Ω˜, R) = I/z →֒ Gd. Also it follows from (1) that
Hd+1(L∗
•
) = Extd+1R (R/Ω˜, R) = 0. Hence Gd+1 is a submodule of L
∗
d+2 and
L′
•
: 0→ R→ L∗1 → · · · → L
∗
d → 0
is a minimal free resolution of Gd. Moreover, the map Gd → R/z, induced by θ
∗
d in (2),
induces the natural inclusion I/z →֒ R/z. Let β• : P• → L
′
•
be a lift of the natural
inclusion I/z →֒ Gd. We have the following commutative diagram:
→ Pd → Pd−1 → · · · → P0 → I/(z) → 0

yβd


y


yβ0


y
0 → R → L∗
1
→ · · · → L∗
d
→ Gd
(3)
Subclaim. βd(Pd) = R.
Proof of the Subclaim. If possible, let βd(Pd) ⊂ m. Since coker(I/z → Gd) = Imα
∗
d+1,
the mapping cone of β• gives rise to a free resolution of Gd+1. Let (Q•, γ•) be a minimal
free resolution of Gd+1 extracted from this mapping cone. Since βd(Pd) ⊂ m, the copy of
R = L0
′ is a summand of Qd+1; we denote this copy by Re. Since height Ω˜ is d and L• is
a minimal free resolution of R/Ω˜ , we have
height O(γd+1(e)) ≤ d (diagram(3)). (4)
If R is equicharacteristic, this cannot happen due to Theorem A. Let us assume that R is
of mixed characteristic p > 0. Since Gd+1 is a submodule of L
∗
d+2, p is a non-zero-divisor on
Gd+1. Let Gd+1 = Gd+1⊗R/pR and (Q•, γ•) = (Q•⊗R/pR, γ•⊗R/pR). Then (Q•, γ•)
is a minimal free resolution of Gd+1 over R(= R/pR). Since R is an equicharacteristic
local ring (characteristic p > 0), by Theorem A, height O(γd+1(e)) must be ≥ d+ 1. This
contradicts (4) and hence βd(Pd) = R.
Since ψ• can be constructed as the composite of θ
∗
•
and β•, the above observation implies
claim i) i.e. ψd(Pd) = K
′
d = R via combination of diagrams (2) and (3).
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Proof of claim ii). Since ψd(Pd) = R, in the minimal free resolution F• of R/I extracted
from the mapping cone of ψ•, the copy of K
′
d = R does not survive as a minimal generator
of Fd i.e. φd(K
′
d) ⊂ mFd, where φ• is extracted from the natural inclusion of K
′
•
into the
mapping cone of ψ.
Thus both parts of our claim are proved. Since height I is d and R is regular local, grade
I is also d. We can find a minimal set of generators x1, . . . , xs of I such that any subset
xi1 , . . . , xid , 1 ≤ i1 < i2 < · · · < id ≤ s, form an R-sequence. Let K• = K•(x1, . . . , xs; R)
denote the Koszul complex corresponding to x1, . . . , xs. Let F• be a minimal free resolution
of R/I over R and let φ• : K• → F• denote a lift of the identity map on R/I. By part
ii) of our claim, φd(Rei1 ,∧ · · · ∧ eid) ⊂ mFd, ∀d-tuple (i1, . . . , id) such that 1 ≤ i1 < i2 <
· · · < id ≤ s. Hence Kd(x; R)⊗R/m→ Fd ⊗R/m is the 0-map.
b) Let S = R/x and let Ω = HomS(R/I, S) = Ext
d
R(R/I, R). Let (P•, α•) be a
minimal free resolution of R/I over R; let P ∗
•
= HomR(P, R). We consider the following
complex truncated from P ∗
•
:
0→ R→ P ∗1 → · · · → P
∗
d → P
∗
d+1 → Gd+1 → 0 (1)
where Gd+1 = cokerα
∗
d+1 and Gd = cokerα
∗
d. We have H
i(P ∗
•
) = 0 for i < d and
Hd(P ∗
•
) = Ω. Let P ′
•
: 0→ R→ P ∗1 → · · · → P
∗
d → 0 denote the minimal free resolution of
Gd obtained from (1). Let F• be a minimal free resolution of Ω over R and let φ• : F• → P
′
•
lift the natural inclusion Ω →֒ Gd. R being equicharacteristic, Theorem A is valid in R.
Since the mapping cone of φ• gives rise to a free resolution of Gd+1, arguing as in the
proof of part a), it follows that φd(Fd) = R. Let θ•:K•(x; R) → P• denote a lift of the
natural surjection R/x→ R/I and let θ∗
•
: P ′
•
→ K•(x; R) denote the dual map that lifts
the map Gd → R/x induced by θ
∗
d. Then θ
∗
•
.φ• : F• → K•(x;R) lifts the natural injection
Ω →֒ R/x (composition of Ω →֒ Gd → R/x) and θ
∗
0φd(Fd) = R. Let L• be a minimal
free resolution of R/Ω˜ extracted from the mapping cone of θ∗
•
.φ• and ψ• : K•(x; R)→ L•
be a lift of the natural surjection R/x → R/Ω˜ induced by the inclusion map of K•(x;R)
into the mapping cone of θ∗
•
.φ•. Again arguing as in the proof of part a) we obtain
ψd(Kd(x;R) = R) ⊂ mLd. Hence the natural map Kd(x; R)⊗ k → Tor
R
d (R/Ω˜, k) is the
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0-map.
Now assume R/I is S2. Then Ext
d+1
R (R/Ω˜, R) = 0 ((1) in part a)). Let y = {y1, . . . , yd}
be a part of a minimal set of generators of Ω˜ such that they form an R-sequence. Let
T = R/(y1, . . . , yd), and Ω˜/(y1, . . . , yd) = ω; then T/ω = R/Ω˜ and Ext
1
T (T/ω, T ) =
Extd+1R (R/Ω˜, R) = 0.
Let J = HomT (T/ω, T ) = Ext
d
R(R/Ω˜, R). We consider the short exact sequence
0→ ω → T → T/ω → 0.
Applying HomT ( , T ) to this sequence, we obtain
0→ J → T → HomT (ω, T )→ 0.
Hence T/J ≃ ω∗ = HomT (ω, T ). Since T/ω = R/Ω˜ is S1, ω is S2 and hence HomT (T/J, T ) =
ω.
Let J˜ be a lift of J in R via the natural surjection R → T . Let K•(y; R) denote the
Koszul complex corresponding to y1, . . . , yd. Let B• be a minimal free R-resolution of ω
and let L• be a minimal free resolution of T/ω = R/Ω˜ over R. Then, arguing as in part a),
starting with a minimal free resolution of R/J˜ over R we can show that the natural map
Kd(y; R)⊗ k → Tor
R
d (R/Ω˜, k) is the 0-map. Now considering a minimal set of generators
y1, . . . , ys of Ω˜ such for any d-tuples (i1, . . . , id), 1 ≤ i1 < i2 < · · · < id ≤ s, yi1 , . . . , yid
from an R-sequence, it follows that the natural map Kd(y1, . . . , ys; R)⊗k → Tor
R
d (R/Ω˜, k)
is the 0-map.
c) This follows from the facts that for a minimal free resolution F• of a finitely generated
module M over R, the (d + 1)th syzygy Syzd+1R (M) = Syz
d
R(S1) where S1 = Syz
1
R(M)
and the mixed characteristic p is a non-zero-divisor on S1. Let R = R/pR. Then F • =
F•(+1)⊗R is a minimal free resolution of S1 = S1⊗R over R. Since R is equicharacteristic,
Theorem A is valid on R and hence our assertion follows.
d) If w ǫ(m−m2) is a non-zero-divisor on R/I, the result follows by similar arguments
as in the proof of part c) above.
If w ǫ(m−m2) ∩ I, the result follows from the proof of Lemma (1.1) and the following
theorem which is a part of theorem 2.5 in [D2].
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Theorem (Theorem 2.5, [D2]). Let (R,m) be a regular local ring and let M be a module
of finite projective dimension over R. Assume that the order ideal conjecture is valid for
regular local rings of dimension (n-1). If annRM ∩ (m−m
2) 6= φ or depthRM > 0, then
M satisfies the order ideal conjecture.
For a proof we refer the reader to theorem 2.5 in ([D2]).
The last part of the statement in d) now follows from a) and the above theorem.
1.3. In the final proposition we prove the existence of almost complete intersection
ideals I of height d for which Ki(x; R)⊗ k → Tor
R
i (R/I, k) is non-zero for 0 ≤ i ≤ d.
Proposition. Let (R, m, k) be a regular local ring and let P be a prime ideal of height
d. Then there exists a family of almost complete intersection ideals {It}tǫN ⊂ P such that
Ki(x; R)⊗ k → Tor
R
i (R/It, k) is injective for i ≥ 0 and t > 1; here x denotes a part of a
minimal set of generator x1, . . . , xd of It for all t.
Proof. We choose x1, . . . , xd ∈ P such that x1, . . . , xd form an R-sequence and PRP =
xRP ; x = the ideal generator by x1, . . . , xd. We have a primary decomposition of x as
follows:
x = P ∩ q2 ∩ · · · ∩ qr
where qi is Pi-primary, 2 ≤ i ≤ r. Let Ω denote the canonical module for R/P ; then
Ω = ExtdR(R/P,R) = HomR(R/P,R/x) = q2 ∩ · · · ∩ qr/x. Let λ ∈ P − ∪Pi. It can be
easily checked that Ω = HomR(R/(x, λ
t), R/x) for t > 0. Let Ω′ denote the lift of Ω in
R via the natural surjection R → R/x. Then (x + λtR)/λtR ≃ x/x ∩ λtR = x/λtΩ′ for
t > 0. Consider the injection it : Ω
′ → x defined by it(µ) = λ
tµ. Let F• denote a minimal
free resolution of Ω′, K• = K•(x;R)(+1) (i.e. Ki = Ki+1(x;R)) denote the minimal free
resolution of x and let Φ• : F• → K• denote a lift of it. Since λ  it = it+1, λ  Φ• is a lift
of it+1. Let us assume that t > 1. Then imΦj ⊂ mKj for j ≥ 0. Hence L•, the mapping
cone of Φ•, is a minimal free resolution of x/λ
tΩ′. Hence, via the natural injection of K•
into L•, K• imbeds into L• i.e. Kj is a free summand of Lj for j ≤ d−1. Let K•(λ
t;R) be
the Koszul complex corresponding to λt over R. Let Ψ• : L• → K•(λ
t;R) lift the inclusion
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map : x/λtΩ′ →֒ R/λtR. Then the mapping cone P• of Ψ• is a minimal free resolution
of R/(x, λt) and it is easy to check that K•(x;R) imbeds into P• i.e. Ki(x;R) is a free
summand of Pi for i ≥ 0. Hence Ki(x;R) ⊗ k → Tor
R
i (R/(x, λ
t), k) is injective for i ≥ 0
and our proof is complete.
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